We show that the joint effect of spin-orbit and magnetic fields leads to a spin polarization perpendicular to the plane of a two-dimensional electron system with Rashba spin-orbit coupling and in-plane parallel dc magnetic and electric fields, for angle-dependent impurity scattering or nonparabolic energy spectrum, while only in-plane polarization persists for simplified models. We derive Bloch equations, describing the main features of recent experiments, including the magnetic field dependence of static and dynamic responses.
Generating spin populations at a nanometer scale is one of the central goals of spintronics [1] . Using spinorbit interaction promises electrical control, allowing to integrate spin generation and manipulation into the traditional architecture of electronic devices. Bulk spin polarization, driven by electron drift in an electric field, was predicted long ago for noncentrosymmetric three-(3D) and two-dimensional (2D) systems [2, 3, 4, 5, 6, 7] . In 2D, the polarization is in-plane, typically along the effective spin-orbit field b dr = b SO (k) = 0, obtained by averaging spin-orbit coupling over the distribution of electron momenta k [8] . In-plane polarization components were observed recently in p-GaAs heterojunctions [9] , quantum wells [10] , and strained n-InGaAs films [11] . Out-of-plane spin polarization can be generated by the spin-Hall effect, but only near sample edges [12] . Below, we propose a mechanism for out-of-plane spin polarization generated in the bulk by applying an in-plane magnetic field B. This perpendicular polarization allows efficient optical access, e.g., via Kerr rotation. We find that the use of such an average field b dr is not always valid. Naively, one might consider the system as being subject to a total in-plane field b , given by the sum of B and b dr , see Fig. 1(a) . In steady state, one then expects electrons to be polarized along this total field: in particular, no polarization perpendicular to the b dr , B plane. Algebraic addition of these fields worked well in describing Hanle precession of optically oriented 2D electrons in GaAs [13] . However, Kato et al. [11] reported a spin polarization that is incompatible with such a naive picture and emphasized the need of identifying its microscopic mechanisms.
In this article, we develop a theory describing the interplay between spin-orbit interaction and external electric and magnetic fields in the presence of impurity scattering, and demonstrate that the concept of average spinorbit field is subject to severe restrictions. The naive expectation turns out to be correct only in the special case of parabolic bands and isotropic impurity scattering. However, as we show below, for anisotropic scattering (e.g., small angle scattering), such correlations result in a more complex structure of the distribution function and an out-of-plane spin polarization. Concretely, interplay of b dr and B leads to a generation term in the Bloch equation proportional to b dr × B whose magnitude is controlled by anisotropy of potential scattering and 
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Figure 1: (color) (a) Field geometry, assuming gµB > 0, α < 0. Out-of-plane spin polarization is electrically generated with rate Γz (blue arrow) due to the interplay between spin-orbit interaction, external electric field E and magnetic field B, and anisotropic impurity scattering. The polarization precesses (blue arc) in g * µBB + bSO . (b) Dynamics of out-of-plane component of spin polarization generated by a short electrical pulse of length tp 1 ns, forγ0 = 0.03, g * = 0.65 and τz = 5 ns. This pattern of spin polarization is in agreement with the experimental data of Fig. 4(c) , Ref. 11. non-parabolicity of the energy spectrum. Remarkably, while this does not change the symmetry of the Hamiltonian, the symmetry of responses is lower than in the special case (and in the naive picture). Our results give a microscopic explanation of experiments [11] and provide a novel mechanism for generating spin polarization electrically via spin-orbit interaction.
We consider a model of 2D electrons with charge e < 0 and (pseudo-) spin 1 2 , obeying a Hamiltonian
where ǫ k is the dispersion law in the absence of spin-orbit coupling, V (r) is the potential due to impurites, V i (r), plus a small electric field E, σ are the Pauli spin matrices, and b (k) includes both intrinsic spin-orbit field b SO (k) and external field B. We consider in-plane magnetic field, i.e., there is no orbital quantization, and disregard electron-electron interaction. In the following, we study spin polarization density s (r) = σ n 2D and spin currents j µ (r) = 1 2 {σ µ , v} n 2D . Here, n 2D is the electron density, { , } is the anticommutator, and the velocity
For a bulk 2D system with only intrinsic spin-orbit interaction, the kinetic equation has been derived [6, 14, 15] . Following Ref. 15 , we may write a spin-dependent Boltzmann equation for the distribution function, represented as a 2 × 2 spin matrixf =f 0 (k) + 1 2 f c (k) 1 1 + f (k) · σ, with equilibrium distribution functionf 0 , excess particle density f c , k = (k x , k y ) = (k cos ϕ, k sin ϕ), and spin polarization density described by f . Magnetic field and spin-orbit coupling split the energy spectrum into two branches: for a given energy ǫ, there are two Fermi surfaces. Thus, for elastic scattering, energy ǫ is conserved but |k| is not, due to inter-branch scattering. In the following, we assume b ≪ E F . This motivates defining k ǫ such that ǫ kǫ = ǫ, and defining v ǫ = ǫ ′ kǫ . For a fixed energy ǫ, the velocity operator is [16] 
with unit vectork = k/k and band nonparabolicity ζ = (k ǫ /v ǫ )(∂v ǫ /∂k ǫ ) − 1. Instead of using the distribution functionf (k) as density in k-space, we consider it as a function of energy ǫ and direction ϕ in k-space. In this representation, f c (k, ǫ) and f (k, ǫ) are transformed into distribution functions n (ϕ, ǫ) and Φ (ϕ, ǫ), resp., which can be written as a matrixΦ (ϕ, ǫ); for a detailed derivation see Ref. 15 . The kinetic equation for E = Ex is [15] 
where f 0 is the Fermi distribution function, b = b(ϕ) is evaluated for |k| = k ǫ , and with charge distribution n = 8βτ v ǫ k ǫ cos ϕ and β = (eE/16π 2 v ǫ ) (−∂f 0 /∂ǫ). In Eq. (3), the first term is the partial time-derivative, the second term describes spin precession in the momentum dependent field b (ϕ), and the third term is the driving term, given in lowest order in E.
The collision integral on the r.h.s. of Eq. (3) can be found in Born approximation by Golden Rule [15] ,
Here, the first term describes spin-independent scattering, with
does not depend on the direction of the momentum transfer q since we assume that the system is macroscopically isotropic. The second term in Eq. (4), described by Eq. (31) of Ref. 15 , includes two contributions, arising from the spin-dependences of the densityof-states and of the momentum transfer for a fixed energy ǫ. These contributions are proportional to K (ϑ) and K (ϑ) ≡ (dK/dϑ) tan (ϑ/2), resp., and explicitly depend on ϕ, ϕ ′ through b (ϕ) and b (ϕ ′ ). We consider Rashba spin-orbit interaction, and choose the x axis along the field B, i.e.,
with Zeeman splitting ∆ x , thus b (k) is in-plane and E and B are parallel, see Fig. 1 
with inverse transport time τ
, so the spin-orbit field can be written as b x + ib y B=0 = b α e iϕ . Finally, the remaining parameters arẽ
In the limit of small-angle scattering,γ 0 = ζ + 3. We have assumed that B is time-independent and any timedependence of E is slow compared to τ −1 . Let us consider general properties of Eqs. (6)- (7) . One can prove algebraically that
for both the stationary regime and for transients generated by a time-dependent electric field. [Arbitrary initial conditions might deviate from Eq. (9), but such deviations would decay to zero at least as fast as the spin relaxation rate.] Also, these identities directly follow from the symmetry properties of the components of the pseudovector Φ for the system with the axial symmetry C ∞v of the Rashba spin-orbit coupling in the fields E, B x. In particular, the symmetry of Eq. (9) allows Φ z 0 = 0 in the stationary regime; therefore the spin polarization s z is generally finite, despite the fact that the effective field b(k) has only in-plane components. Now we can evaluate Eq. (6) for all m and Eq. (7) for m ≥ 0, and eliminate complex conjugated quantities using Eq. (9).
Isotropic scattering, parabolic bands, stationary regime.
First, we assume isotropic scattering and parabolic bands, thusK m = 0 and
In this case, we solve the kinetic equations (6)- (7) exactly by setting ∂Φ/∂t = 0. The stationary solution is
which can be checked by inspection. The total spin polarization density is s = s eq + s E , with equilibrium contribution s eq B and non-equilibrium contribution s E µ = 4π dǫΦ µ 0 . Thus, the out-of-plane polarization vanishes, s z = 0, as one would expect from the above naive argument-even though the symmetry allows s z = 0. Hence, vanishing s z is a property of the specific model of Eq. (10). On the other hand, even for this model, our solution is Φ(ϕ) = 4τ β b(ϕ) − 1 2 ∆ xx cos ϕ, i.e., in addition to the total field b, there is a correction − 1 2 ∆ xx , indicating that spin-orbit and external magnetic fields cannot be added. However, it does not contribute to the in-plane spin polarization, as it is averaged out when integrating over ϕ.
The polarization s eq x , in the absence of spin-orbit coupling, arises from Pauli paramagnetism, s This expectation is indeed met, because s E y = αeE x τ ν coincides with the value following from Eq. (11), and it also agrees with known B = 0 results [3, 5, 6, 7, 17] . Hence, for the model of Eq. (10), the in-plane polarization can be described in terms of the average spin-orbit field.
In the field ∆ x , the equilibrium spin polarization per electron is 1 2 ν∆ x /n 2D = ∆ x /2E F , so one expects that the drift caused by the charge current leads to a spin current j Other spin current components j µ ν vanish, even for finite b α ; for ∆ x = 0 it is well-known that j z y = 0 [17, 18, 19, 20, 21, 22, 23] .
Anisotropic Scattering and Bloch equations. Now we consider anisotropic scattering and/or non-parabolic bands, and also include transients. We consider the "dirty limit,"
where ω is the characteristic frequency of the field E, and τ z = (6)- (7) order-by-order in the small parameter (τ /τ z ) 1/2 . Considering the lowest non-vanishing order, it is sufficient to retain only equations for |m| ≤ 2. Eliminating the m = ±1, ±2 components yields the equations of motion for Φ up to order (τ /τ z ) 1/2 [16] . Finally, we evaluate the equations of motion for the total polarization s at low temperature T , taking all parameters at the Fermi level. We obtain the Bloch equationṡ
where the spin relaxation tensor
is diagonal with components {τ (14) is a Bloch equation, where polarization s is generated with a rate Γ and then precesses in the total field b = g * µ B B + b dr (Hanle effect). Most remarkably, for anisotropic scattering and/or band nonparabolicity, the combined effect of spin-orbit and external fields generates a spin polarization along the z axis with rate
2 ναeE x τ ∆ xγ0 , i.e., perpendicular to both magnetic and spin-orbit fields. This rate Γ z arises as follows. Scattering of nonequilibrium carriers leads to an extra k x -dependent x polarization due to the term proportional toγ 0 in Eq. (6). On a timescale of τ , this polarization then precesses around the y component of b SO , as described by the first two terms of Eq. (7).
Next we consider the dc case,ṡ = 0. In the lowest order in E, the total spin polarization is s x = 1 2 ν∆ x ,
The first term of Eq. (15) For ∆ x = 0, this relation is equivalent to the argument [21, 22] based on equations of motion [19] (17) with frequency Ω = (4∆ x τ z ) 2 − 1/4τ z of Hanle oscillations (for consistency, we only consider terms linear in E). We plot s z (t) in Fig. 1(b) , taking the parameters of Ref. 11 and with a choice ofγ 0 = 0.03, and find qualitative agreement with the experiment. The weak-field region 4|∆ x |τ z < 1, where the oscillations are overdamped, is very narrow, |B| 0.25 mT. Note that the experimental data shows that the sign of s z depends on the sign of ∆ x , already on time scales much shorter than |∆ x | −1 . Therefore, the sign of s z cannot be due to spin precession in the external magnetic field-implying that a polarization generation mechanism like the one described above was experimentally observed in Ref. 11 .
Strictly speaking, quantitative comparison with the data of Ref. 11 cannot be performed because the films were of low mobility E F τ ∼ 1, violating the assumptions of our Boltzmann description, and were in 3D regime (a coupling k y σ x − k x σ y occurs here due to strain). Furthermore, in models with a more complicated spinorbit interaction than the Rashba coupling, other sources of z−polarization might become important. However, Eq. (13) was satisfied, because /τ z ∼ 3 × 10 −8 eV; |∆ x | 10 −6 eV; |b α | ∼ 10 −5 eV; and /τ ∼ 2 × 10 −3
eV [11, 26] .
The effective field b(k) for a 2DEG with pure linear Dresselhaus coupling, on the (001) surface of a III-V material, is obtained by replacing k on the right hand side of Eq. (5) by q ≡ Rk, where R denotes reflection through the (110) crystal plane. Our result (16) for the polarization s z can be applied to this case if we replace E x by the component of the electric field along the direction B ′ ≡ RB. For general forms of the spin orbit coupling, we note that the C 2v symmetry of the system ensures that if B = 0, there can be no term in s z linear in E. However, there could be terms non-linear in E, if E is not parallel to a symmetry direction [110] or [110] , e.g.
y where x refers to the [100] crystal axis, which would then give an all-electrical mechanism for generating out of plane spin polarization.
In conclusion, we proposed a mechanism for generating bulk spin populations polarized perpendicularly to magnetic and spin-orbit fields; for 2D systems this is an out-of-plane polarization. It relies on anisotropic impurity scattering and/or band nonparabolicity and provides a new method for electrical control of electron spins. Our model is derived for 2D systems, but the results should have a more general validity, and they agree with recent observations of combined effects of the external magnetic and spin-orbit fields in 3D samples. 
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I. LIST OF SYMBOLS
ǫ k Dispersion law in absence of spin-orbit interaction σ Vector of Pauli matrices, (σx, σy, σz) b (k) Total field in energy units, containing both spinorbit and external magnetic fields E Electric field, E = Ex B External magnetic field, B = Bx ∆x Zeeman splitting, ∆x = g * µBB, with effective gfactor g * and Bohr magneton µB e charge of carrier, for electrons e < 0 α Rashba spin-orbit coupling constant, bα = 2iαk Vi (r) Impurity potential v Spin-dependent velocity, v = i [H, r] { , } Anticommutator, {A, B} = AB + BA s Spin polarization density, s (r) = n2D σ = s eq + s E , containing both equilirum and non-equilibrium contributions s eq and s E , resp. j µ Spin current, j µ (r) = n2D
as a function of wave vector k f0(k) Equilibrium distribution function, spin-dependent due to magnetic field fc(k) Non-equilibrium particle density f (k) Non-equilibrium spin polarization density kǫ Spin-independent wave number contribution for given energy ǫ, i.e., ǫ kǫ = ǫ vǫ Spin-independent velocity contribution, vǫ = ǫ n 1 1 + Φ · σ n (ϕ, ǫ) Excess particle density, as a function of ϕ and ǫ, n = 8βτ vǫkǫ cos ϕ Φ (ϕ, ǫ) Non-equilibrium spin polarization density, as a function of ϕ and ǫ K (ϑ) Angular dependence of spin-independent scattering, in Born approximation 
while for m = 0:
withβ (+) = β + 
Concretely, we findγ
1 By explicit evaluation ofK m , we find the relationsK 0 = 2 n>0 (−1) n nK n andK m = (−1)
This allows us to transformγ (+) andγ 0 and we obtain Eq. (8).
A. Solution for isotropic scattering
We consider the stationary case ∂Φ m /∂t = 0, isotropic scattering, and parabolic bands, thusγ (+) ,γ 0 = 0 and β 0 = β. We find the solution of the kinetic equation
We now prove that Eqs. (S6)-(S7) satisfy Eqs. (S1)-(S4). Eq. (S1) is trivially satisfied. Next, we use c = −ib α ∆ x τ β and write
and insert into the l.h.s. of Eq. (S2),
For m = 0, we insert Φ z m = 0 in Eq. (S3), useβ (+) = k 2 β, and obtain
which by comparison with Eq. (S6) is also satisfied (because k 1 = 1 by definition). Finally, evaluating Eq. (S4) and dividing by c, we obtain
therefore, our solution for Φ is valid. Note that the property k m = 1 − δ m,0 for isotropic scattering was not used explicitly in the above proof. Equations (S6)-(S7) correspond to
As for the non-equilibrium charge distribution n, a factor of cos ϕ is present. Remarkably, b Σ (ϕ) = b (ϕ) + 1 2 g * µ B B differs from the total field b [Eq. (5)] that enters in the Hamiltonian.
III. EFFECTIVE BLOCH EQUATIONS
In the following, we consider the dirty regime and solve the kinetic equations in orders of the small parameter (τ /τ z ) m , resp. It is convenient to choose units such that τ z is of order unity. Let us now consider the regime,
i.e., in Fourier space with respect to t,Ψ
We take order
and order O(τ 0 ) of Eq. (S4) for m = 1,
where we have indicated above the equality sign that we used Eq. (S19). Taking Eq. (S1) for order O(τ 1/2 ) and using that Φ
where we used τ 
Then we take order O(τ 1/2 ) of Eq. (S2),
2 The following derivation becomes simpler if we first insert the ansatz Φ = Φ is + δΦ. This replaces Ψm → δΨm; Φ z m → δΦ z m ; β (+) → 0; andβ 0 → βγ 0 in the following equations and c → 0 in Eq. (S26).
where we used
xy /∆ x , we obtain the Bloch equations for the nonequilibrium distribution function Φ,
Therefore, the spin-orbit field generates y polarization with rate τ −1 z |b α | τ β, whereas the combined effect of b SO and B generates z polarization with rate c(2 +γ 0 ), which is proportional to ∆ x .
A. Bloch equations for total polarization s
To obtain the spin polarzation s, we integrate the equations for the total non-equilibrium contribution Φ at temperature T = 0, see Sec. IV B. Noting that the drift field is b y = 2αeEτ , we find
Therefore, for the spin polarization s
where we have used
We assume that ∆ x does not change over time, thus ∂s eq /∂t = 0. The equilibrium polarization is s 
In linear order in E, b y s E µ vanishes and we can add the terms − b y s E z and b y s E x to the r.h.s. of Eqs. (S38) and (S40), resp. Then, we can write the Bloch equations asṡ
with Γ = 
IV. PHYSICAL QUANTITIES EXPRESSED IN TERMS OF FOURIER COEFFICIENTS
A. Transport lifetime
The inverse transport lifetime is
This motivated our definition
and one can see that k m > 0 for m ≥ 1.
B. Spin polarization density and spin currents
We now evaluate the spin polarization density s (r) = αβ ψ † α (r) σ αβ ψ β (r) and the spin current j µ (r) =
The spin polarization density can readily be expressed in terms of the Fourier transformed distribution function,
For the spin current, one needs to evaluate
which is somewhat more complicated, as the velocity operator v depends on spin and on ϕ. It is obtained from the Heisenberg equation as
For a fixed ǫ, the value of the wave vector k depends on the spin, 
The velocity v at a fixed energy ǫ can now be expanded in b,
yielding Eq. (2). [Equation (2) 
The components of the first term in Eq. (S51) are
We evaluate Eqs. (S54) and (S54) for concrete µ, use Ψ m = Φ x m + iΦ y m , and take advantage of the fact that the spin current is a real quantity. This yields 
Finally, we consider the remaining terms in Eq. (S51). Because ϕ = arctan(k y /k x ), we have ∂ϕ/∂k x = − sin(ϕ)/k and ∂ϕ/∂k y = cos(ϕ)/k, thus 
We explicitly evaluate j 
= dǫ eEτ 8π
where For comparison, note that the charge current is j c = dǫdθ ev TrΦ(ǫ, θ) = dǫdθ evn.
Evaluating the distribution n, we get
Eτ n 2D m * , (S73) i.e., we recover the Drude conductivity.
C. ExpressingKm in terms of Kn
Using that K (θ) = 
For n > 0, we integrate 
.
